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Abstract
In this note we prove that the explicit realization of arbitrary complex powers
of generators of quantum group Uq(sl(2)) satisfies all the commutation relations of
the algebra of complex powers, including the generalized Kac’s identity which was
announced in our previous paper. It turns out that the latter identity in this realization
is equivalent to 6− 9 integral identity on quantum dilogarithm.
1 Introduction
Let g be a Lie algebra, let q = epiıb
2
, b2 ∈ (0; 1), and b2 is irrational. To any such Lie algebra
one can associate a Hopf algebra Uq(g) called quantum group [2]. The notion of the modular
double of quantum group was introduced by Faddeev [5] in the case of Uq(sl(2)) as a tensor
product of two quantum groups Uq(sl(2)) and its modular dual Uq˜(sl(2)), q˜ = e
piıb−2 . The
modular double appears in many areas of mathematical physics such as Liouville theory [12],
[6], relativistic Toda model [10] and others. Further progress in the study of modular double
has been made in papers [1], [13], where the special class of representations of Uq(sl(2)) has
been considered. These representations exhibit a duality under the exchange b ↔ b−1 and
they are simultaneously representations of the modular dual group Uq˜(sl(2)). Furthermore,
the generators of the dual group are related to the generators of the original via the so-called
transcendental relations. Specifically, let K, E, F be the usual generators of Uq(sl(2)) and
K˜, E˜, F˜ be the generators of the dual group Uq˜(sl(2)). Define the rescaled versions of some
of these generators
E = −ı(q − q−1)E, (1.1)
F = −ı(q − q−1)F, (1.2)
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1
and the dual ones
E˜ = −ı(q˜ − q˜−1)E˜, (1.3)
F˜ = −ı(q˜ − q˜−1)F˜ . (1.4)
Then these rescaled generators are realized by positive self-adjoint operators and satisfy the
transcendental relations [1]
K˜ = Kb
−2
, (1.5)
E˜ = E b
−2
, (1.6)
F˜ = F b
−2
. (1.7)
After identification of the generators of the dual quantum group with certain powers
of generators of the original, one is naturally led to consider arbitrary complex powers of
generators which will form a basis of the bigger Hopf algebra.
In [14] we presented complete set of defining relations2 of the Hopf algebra of arbitrary
complex powers in the case of simply-laced Lie algebras.
In this note we study explicit realization of the Hopf algebra of arbitrary complex powers
of generators of quantum group Uq(sl(2,R)) via positive self-adjoint operators. We check
that all the defining relations, including the generalized Kac’s identity hold in this realization.
The plan of the paper is as follows. In Section 2 we recall the definition of quantum group
Uq(sl(2)), special function Gb(x), called quantum dilogarithm and its properties which plays
an important role in the theory of positive principal series representations. In Section 3
the Hopf algebra of arbitrary complex analogs of divided powers of generators has been
constructed, which is the generalization of the algebra of divided powers X
n
[n]q!
studied by
Lusztig (see e.g. [11]). We study explicit realization of the Hopf algebra generated by
divided complex powers of generators of Uq(sl(2)). In the Theorem 3.1 we summarize all
defining relations in the Hopf algebra of complex powers of Uq(sl(2)).
Acknowledgements: The research was supported by RSF (project 16-11-10075).
2Part of them was obtained previously in e.g. [8].
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2 Preliminaries
Let us start by recalling the definition of a quantum group Uq(sl(2)) [2]. Uq(sl(2)) (q = e
piıb2 ,
b2 ∈ R \Q) is a Hopf algebra with generators E, F , K = qH and relations
KK−1 = K−1K, (2.1)
KE = q2EK, (2.2)
KF = q−2FK, (2.3)
EF − FE =
K −K−1
q − q−1
. (2.4)
Coproduct is given by
∆E = E ⊗ 1 +K−1 ⊗ E, (2.5)
∆F = 1⊗ F + F ⊗K, (2.6)
∆K = K ⊗K. (2.7)
Non-compact quantum dilogarithm Gb(z) is a special function introduced in [4] (see also
[3], [6], [15], [9], [10], [1]). It is defined as follows
logGb(z) = log ζ¯b −
∫
R+ı0
dt
t
ezt
(1− ebt)(1− eb−1t)
, (2.8)
where Q = b + b−1 and ζb = e
piı
4
+
piı(b2+b−2)
12 . Note, that Gb(z) is closely related to the double
sine function S2(z|ω1, ω2), see eq.(A.22) in [10].
Below we outline some properties of Gb(z), for details see appendix.
1. The function Gb(z) has simple poles and zeros at the points
z = −n1b− n2b
−1, (2.9)
z = Q+ n1b+ n2b
−1, (2.10)
respectively, where n1,n2 are nonnegative integer numbers.
2. Gb(z) has the following asymptotic behavior:
Gb(z) ∼
{
ζ¯b, Imz → +∞,
ζbe
piız(z−Q), Imz → −∞.
(2.11)
3. Functional equation:
Gb(z + b
±1) = (1− e2piıb
±1z)Gb(z). (2.12)
4. Reflection formula:
Gb(z)Gb(Q− z) = e
piız(z−Q). (2.13)
Let us also introduce a closely related function gb(z), eq.(3.9) in [1] by the formula:
3
gb(z) =
ζ¯b
Gb(
Q
2
+ 1
2piıb
log z)
. (2.14)
Let A, B be a pair of self-adjoint operators with the commutation relation [A,B] = 2piıb2
and let q = epiıb
2
. Then one can define the following positive operators u = eA, v = eB with
the following commutation relation
uv = q2vu. (2.15)
For such operators the following identity (q-binomial theorem, see Appendix B in [1]) holds
(u+ v)ıs =
∫
C
dτ
Gb(−ıbτ)Gb(−ıbs + ıbτ)
Gb(−ıbs)
uıs−ıτvıτ , (2.16)
where the contour C goes along the real axis above the sequences of poles going down and
below sequences of poles going up.
3 Explicit realization of algebra of arbitrary complex
devided powers of Uq(sl(2))
Let H , (K = qH), E, F be generators of Uq(sl(2)) and let us introduce the following rescaled
generators:
E = −ı(q − q−1)E, (3.1)
F = −ı(q − q−1)F, (3.2)
which satisfy the following relations
KE = q2EK, (3.3)
KF = q−2FK, (3.4)
EF − FE = −(q − q−1)(K −K−1). (3.5)
Proposition 3.1 The following operators define a representation of Uq(sl(2))
H = 2ıb−1u, (3.6)
K = e−2pibu, (3.7)
E = e−pib(u−α)+ıb∂u + epib(u−α)+ıb∂u , (3.8)
F = epib(u+α)−ıb∂u + e−pib(u+α)−ıb∂u , (3.9)
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Note, that operators E and F have the form
E = U1 + V1, (3.10)
F = U2 + V2, (3.11)
where U1 = e
−pib(u−α)+ıb∂u , V1 = e
pib(u−α)+ıb∂u , U2 = e
pib(u+α)−ıb∂u , V2 = e
−pib(u+α)−ıb∂u , and
UjVj = q
2VjUj, j = 1, 2. This allows one to define their arbitrary powers by (2.16). Let us
introduce the notion of divided powers of E and F by the formulas
E (ıs) = Gb(−ıbs)E
ıs, (3.12)
F (ıt) = Gb(−ıbt)F
ıt. (3.13)
Then we have
Proposition 3.2 (Lemma 4.3, [8]). Let the rescaled generators K, E , F of Uq(sl(2)) be
realized by the formulas (3.7)-(3.9). Then for their powers we have the following realization
K ıp = e−2piıbpu, (3.14)
E (ıs) = e
piıb2s2
2
−piıbs(u−α)Gb(−ıbs)Gb(
Q
2
+ ıα + ıbs− ıu)
Gb(
Q
2
+ ıα− ıu)
e−bs∂u , (3.15)
F (ıt) = e
piıb2t2
2
+piıbt(u+α)Gb(−ıbt)Gb(
Q
2
+ ıα + ıbt + ıu)
Gb(
Q
2
+ ıα + ıu)
ebt∂u . (3.16)
Proof . See the proof in [8], or for another proof one can use the q-binomial Theorem (2.16)
and after that apply τ -binomial integral (4.10). ✷
We are going to consider the algebra A(sl(2)) spanned by the elements E (ıs), F (ıt), K ıp.
Theorem 3.1 For the operators K ıp, E (ıs), F (ıt) given by the formulas (3.14)-(3.16) the
following commutation relations hold
K ıp1K ıp2 = K ıp2K ıp1 = K ıp1+ıp2 , (3.17)
E (ıs1)E (ıs2) =
Gb(−ıbs1)Gb(−ıbs2)
Gb(−ıbs1 − ıbs2)
E (ıs1+ıs2) = E (ıs2)E (ıs1), (3.18)
F (ıt1)F (ıt2) =
Gb(−ıbt1)Gb(−ıbt2)
Gb(−ıbt1 − ıbt2)
F (ıt1+ıt2) = F (ıt2)F (ıt1), (3.19)
K ıpE (ıs) = e−2piıb
2psE (ıs)K ıp, (3.20)
K ıpF (ıt) = e2piıb
2ptF (ıt)K ıp, (3.21)
E (ıs)F (ıt) =
∫
C
dτepibQτF (ıt+ıτ)K−ıτ
Gb(ıbτ)Gb(−bH + ıb(s + t+ τ))
Gb(−bH + ıb(s + t+ 2τ))
E (ıs+ıτ), (3.22)
where the contour C goes along the real axis above the sequences of poles going down and
below the sequences of poles going up.
5
The relations (3.17) are trivial. Commutation relations (3.20), (3.21) trivially follow from
the relation eaueb∂u = e−abeb∂ueau. Relations (3.18), (3.19), (3.22) are checked in the following
two lemmas.
Lemma 3.1 Let generators E (ıs), F (ıt) be realized by the operators from the previous propo-
sition. Then these operators satisfy commutation relations (3.18) and (3.19) .
Proof .
Let us check the relation E (ıs1)E (ıs2) = Gb(−ıbs1)Gb(−ıbs2)
Gb(−ıbs1−ıbs2)
E (ıs1+ıs2). Substituting the formula
(3.15) into the left hand side we obtain
E (ıs1)E (ıs2) = e
piıb2s21
2
−piıbs1(u−α)
Gb(−ıbs1)Gb(
Q
2
+ ıα + ıbs1 − ıu)
Gb(
Q
2
+ ıα− ıu)
e−bs1∂u×
e
piıb2s22
2
−piıbs2(u−α)
Gb(−ıbs2)Gb(
Q
2
+ ıα + ıbs2 − ıu)
Gb(
Q
2
+ ıα− ıu)
e−bs2∂u =
e
piıb2s21
2
−piıbs1(u−α)
Gb(−ıbs1)Gb(
Q
2
+ ıα + ıbs1 − ıu)
Gb(
Q
2
+ ıα− ıu)
×
e
piıb2s22
2
−piıbs2(u−bs1−α)
Gb(−ıbs2)Gb(
Q
2
+ ıα + ıbs1 + ıbs2 − ıu)
Gb(
Q
2
+ ıα + ıbs1 − ıu)
e−b(s1+s2)∂u =
e
piıb2(s1+s2)
2
2
−piıb(s1+s2)(u−α)
Gb(−ıbs1)Gb(−ıbs2)Gb(
Q
2
+ ıα + ıbs1 + ıbs2 − ıu)
Gb(
Q
2
+ ıα− ıu)
e−b(s1+s2)∂u =
Gb(−ıbs1)Gb(−ıbs2)
Gb(−ıbs1 − ıbs2)
e
piıb2(s1+s2)
2
2
−piıb(s1+s2)(u−α)×
×
Gb(−ıbs1 − ıbs2)Gb(
Q
2
+ ıα + ıbs1 + ıbs2 − ıu)
Gb(
Q
2
+ ıα− ıu)
e−b(s1+s2)∂u =
Gb(−ıbs1)Gb(−ıbs2)
Gb(−ıbs1 − ıbs2)
E (ıs1+ıs2).
The relation
F (ıt1)F (ıt2) =
Gb(−ıbt1)Gb(−ıbt2)
Gb(−ıbt1 − ıbt2)
F (ıt1+ıt2),
is checked analogously. ✷
Lemma 3.2 Let generators K ıp, E (ıs), F (ıt) be realized by the operators (3.14)-(3.16). Then
for such operators the generalized Kac’s identity (3.22) holds.
Proof . Substituting into the left hand side of generalized Kac’s identity
E (ıs)F (ıt) =
∫
C
dτepibQτF (ıt+ıτ)K−ıτ
Gb(ıbτ)Gb(−bH + ıb(s+ t+ τ))
Gb(−bH + ıb(s+ t + 2τ))
E (ıs+ıτ),
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explicit realization of generators (3.14)-(3.16), we have
E (ıs)F (ıt) =
e
piıb2s2
2
−piıbs(u−α)Gb(−ıbs)Gb(
Q
2
+ ıα + ıbs− ıu)
Gb(
Q
2
+ ıα− ıu)
e−bs∂ue
piıb2t2
2
+piıbt(u+α)×
Gb(−ıbt)Gb(
Q
2
+ ıα + ıbt + ıu)
Gb(
Q
2
+ ıα + ıu)
ebt∂u = e
piıb2s2
2
+piıb
2t2
2
−piıb2st+piıb(t−s)u+piıb(s+t)α×
Gb(−ıbs)Gb(−ıbt)Gb(
Q
2
+ ıα + ıbs− ıu)Gb(
Q
2
+ ıα + ıbt− ıbs+ ıu)
Gb(
Q
2
+ ıα− ıu)Gb(
Q
2
+ ıα− ıbs+ ıu)
eb(t−s)∂u .
The right hand side is given by:∫
dτepibQτF (ıt+ıτ)K−ıτ
Gb(ıbτ)Gb(−bH + ıb(s + t+ τ))
Gb(−bH + ıb(s + t+ 2τ))
E (ıs+ıτ) =
∫
dτepibQτe
piıb2
2
(t2+τ2+2tτ)epiıb(t+τ)(u+α)
Gb(−ıbt− ıbτ)Gb(
Q
2
+ ıα + ıbt + ıu+ ıbτ)
Gb(
Q
2
+ ıα + ıu)
eb(t+τ)∂u×
e2piıbτu
Gb(ıbτ)Gb(−2ıu+ ıbs + ıbt + ıbτ)
Gb(−2ıu+ ıbs + ıbt + 2ıbτ)
e
piıb2
2
(s2+τ2+2sτ)e−piıb(s+τ)(u−α)×
Gb(−ıbs− ıbτ)Gb(
Q
2
+ ıα + ıbs− ıu+ ıbτ)
Gb(
Q
2
+ ıα− ıu)
e−b(s+τ)∂u =
e
piıb2s2
2
+piıb
2t2
2
−piıb2st+piıb(t−s)u+piıb(s+t)α Gb(
Q
2
+ ıα+ ıbs− ıbt− ıu)
Gb(
Q
2
+ ıα + ıu)Gb(−2ıu+ ıbs− ıbt)
×
{∫
dτe2piıb
2τ2+2pib(Q
2
+ıα+ıbt+ıu)τGb(−ıbs − ıbτ)Gb(−ıbt− ıbτ)Gb(−2ıu+ ıbs− ıbt− ıbτ)×
Gb(
Q
2
+ ıα + ıbt + ıu+ ıbτ)Gb(ıbτ)
Gb(
Q
2
+ ıα− ıbt− ıu− ıbτ)
}
eb(t−s)∂u = I
This integral converges as τ → ±∞ for any parameters and the contour is deformed if
necessary to separate sequences of poles going up and sequences of poles going down. In this
case one can apply 6− 9 identity (4.11) with
A = −ıbs,
B = −ıbt,
C = −2ıu+ ıbs− ıbt,
D =
Q
2
+ ıα + ıbt + ıu,
A +B + C +D =
Q
2
+ ıα− ıbt− ıu,
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to obtain
I = e
piıb2s2
2
+piıb
2t2
2
−piıb2st+piıb(t−s)u+piıb(s+t)α Gb(
Q
2
+ ıα+ ıbs− ıbt− ıu)
Gb(
Q
2
+ ıα + ıu)Gb(−2ıu+ ıbs− ıbt)
×
Gb(−ıbs)Gb(−ıbt)Gb(−2ıu+ıbs−ıbt)
Gb(
Q
2
+ ıα + ıbt− ıbs + ıu)Gb(
Q
2
+ ıα + ıu)Gb(
Q
2
+ ıα + ıbs− ıu)
Gb(
Q
2
+ ıα− ıbs + ıu)Gb(
Q
2
+ ıα− ıu)Gb(
Q
2
+ ıα + ıbs− ıbt− ıu)
×eb(t−s)∂u = e
piıb2s2
2
+piıb
2t2
2
−piıb2st+piıb(t−s)u+piıb(s+t)α×
Gb(−ıbs)Gb(−ıbt)Gb(
Q
2
+ ıα + ıbs− ıu)Gb(
Q
2
+ ıα + ıbt− ıbs + ıu)
Gb(
Q
2
+ ıα− ıu)Gb(
Q
2
+ ıα− ıbs + ıu)
eb(t−s)∂u = E (ıs)F (ıt).
✷
We have explicitly checked all the commutation relations in the Hopf algebra, generated
by complex powers of generators of Uq(sl(2)) in the positive principal series representations.
4 Appendix
4.1 Quantum dilogarithm and its properties
The basic properties of non-compact quantum dilogarithm/double sine listed below are ex-
tracted mainly from [10], [1], [15]. Introduce the following notation q = epiıb
2
, q˜ = epiıb
−2
,
Q = b+ b−1, ζb = e
piı
4
+
piı(b2+b−2)
12 .
The integral representation of Gb(z):
logGb(z) = log ζ¯b −
∫
R+ı0
dt
t
ezt
(1− ebt)(1− eb−1t)
. (4.1)
Noncompact analog of q-exponential gb(z):
gb(z) =
ζ¯b
Gb(
Q
2
+ 1
2piıb
log z)
. (4.2)
Product representation:
Gb(x) = ζ¯b
∞∏
n=1
(1− e2piıb
−1(x−nb−1))
∞∏
n=0
(1− e2piıb(x+nb))
, (4.3)
gb(x) =
∞∏
n=0
(1 + xq2n+1)
∞∏
n=0
(1 + xb−2 q˜−2n−1)
. (4.4)
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Functional equations:
Gb(x+ b
±1) = (1− e2piıb
±1x)Gb(x), (4.5)
or more generally
Gb(x+ n1b+ n2b
−1)
Gb(x)
=
n1−1∏
k1=0
(1− q2k1e2piıbx)
n2−1∏
k2=0
(1− q˜2k2e2piıb
−1x), (4.6)
gb(q
−1x) = (1 + x)gb(qx). (4.7)
Reflection formula:
Gb(x)Gb(Q− x) = e
piıx(x−Q). (4.8)
Poles and zeros:
lim
x→0
xGb(x− n1b− n2b
−1) =
1
2pi
n1∏
k1=1
(1− q−2k1)−1
n2∏
k2=1
(1− q˜−2k2)−1,
lim
x→0
xG−1b (x+Q+ n1b+ n2b
−1) =
1
2pi
(−1)n1+n2+1q−n1(n1+1)q˜−n2(n2+1)
n1∏
k1=1
(1− q−2k1)−1
n2∏
k2=1
(1− q˜−2k2)−1.
(4.9)
Tau-binomial integral [6],[9],[12]:∫
C
dτe−2pibβτ
Gb(α + ıbτ)
Gb(Q+ ıbτ)
=
Gb(α)Gb(β)
Gb(α + β)
, (4.10)
where the contour C goes along the real axis above the sequences of poles going down and
below sequences of poles going up.
6-9 identity [15]:
Gb(A)Gb(B)Gb(C)Gb(A +D)Gb(B +D)Gb(C +D)
Gb(A+B +D)Gb(A+ C +D)Gb(B + C +D)
=
∫
C
dτe2piıτ
2−2piDτGb(A + ıτ)Gb(B + ıτ)Gb(C + ıτ)Gb(D − ıτ)Gb(−ıτ)
Gb(A+B + C +D + ıτ)
,
(4.11)
where the contour C goes along the real axis above the sequences of poles going down and
below sequences of poles going up.
q-binomial theorem [1]:
Let u, v be positive self-adjoint operators subject to the relations uv = q2vu. Then:
(u+ v)ıs =
∫
C
dτ
Gb(−ıbτ)Gb(−ıbs + ıbτ)
Gb(−ıbs)
uıs−ıτvıτ , (4.12)
where the contour C goes along the real axis above the sequences of poles going down and
below sequences of poles going up.
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